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A B S T R A C T   

Coulomb explosion imaging (CEI) data, consisting of atomic ion momenta, resulting from a rapid (few fs) 
ionization event, is typically recorded as a first step in the generation of a single molecule geometry measurement 
or the production of a ‘molecular movie’ that watches the evolution of an excited state geometry in time. 
Deriving a reliable geometry from this data is a crucial and challenging step, as unique solutions may not exist. In 
this work, we start by simulating the geometries of a molecule, which is out of equilibrium, the asymmetric 
carbonyl sulfide (OCS) molecule. We generate momentum data resulting from six-fold ionization and investigate 
two methods to reconstruct geometries. The first method is a look-up table, which is simple in principle but 
shows limitations in terms of accuracy and ability to identify multiple ‘degenerate’ solutions. The second is a new 
method using nonlinear constrained optimization, which shows potential for scalability to higher dimension. We 
investigate the possibility of identifying problematic geometry regions where different degenerate geometries 
can not be distinguished.   

1. Introduction 

Coulomb explosion imaging (CEI) [1] is a technique for studying the 
structure of small molecules in the gas phase. Essentially, the molecule is 
ionized to induce fragmentation, during which the positively charged 
fragments repel each other with the Coulomb force. The momentum 
vector of each fragment is measured, in coincidence, by a sophisticated 
detection apparatus [2], which incorporates time and position sensitive 
detection [3]. Information about the initial geometry of the molecule is 
contained in the recorded momentum vectors of the ions, but there is no 
unique relationship between momentum and geometry. Recent experi
mental work [4] has shown that a “forward” method which takes a 
Monte Carlo approach to reproducing experimental data from the initial 
nuclear distribution, can match some significant features. In principle, 
however, it is possible to reconstruct the molecular structure from only 
the final momentum vectors of the fragment ions, by employing an 
inversion or “backward” approach, provide there is knowledge of the 
interaction potential governing the initial repulsion. Here we focus on 
the challenge of reproducing molecules that are out of equilibrium as 

they respond to an excitation process [3], without prior knowledge of 
the nuclear distribution. This is however a non-linear problem, and the 
technique requires an optimization method in order to find the solution. 

Légaré et al. [5] were the first to use few cycles, femtosecond laser 
pulses (sub 7fs) and CEI to report on the molecular structure of small 
molecule (D2O, SO2). They employed the inversion process using Cou
lomb’s law and compared with ab initio potential energy surfaces to 
reconstruct the equilibrium geometries of D2O and SO2. Gagnon et al. 
[6] also used the inversion method and reported the reconstruction of 
the five-atom molecule dichloromethane (CH2Cl2) using a unique 
stochastic-based simulated annealing algorithm that globally optimizes 
the molecular spatial configuration. Their work suggested that the major 
uncertainty in the geometry reconstruction was due to the uncertainty in 
the measurement of the velocity vectors. However, they were only able 
to obtain molecular geometries, for five sets of measured velocity vec
tors, out of potentially hundreds of complete ion momentum measure
ments. Brichta et al. [7] proposed an inversion method for the 
reconstruction of small triatomic molecules using a simplex algorithm. 
They tested their method using the reconstruction of simulated 
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geometries of carbon dioxide (CO2) and formaldehyde (CH2O). The 
simplex algorithm was originally developed for solving linear problems 
[8], and further improvements were therefore needed to solve the 
nonlinear problem that constitutes the challenge of a molecular recon
struction, with its large numbers of variables and constraints [9]. Since 
the simplex algorithm is a local search method and relies heavily on the 
starting guess geometry, for some cases, it is hard to distinguish a local 
minimum from the global minimum. Nevertheless, Bocharova et al. [10] 
analyzing the results of their few cycles laser initiated multiple ioniza
tion experiment, obtained the average CO bond distance and bend angle 
for CO2 data employing the simplex code [7]. An interesting geometry 
reconstruction effort using CEI was performed by Kunitski et al. [11], 
they employed a reconstruction method by using a “look-up table” to 
return geometries of the Eflimov state of 4He3.The method works, by 
matching experimental momenta to a set of predetermined, simulated, 
values stored in a three-dimensional array, defined by atomic separa
tions (R1, R2, R3). However, like most experimental work, they did not 
give details of their method or show the look-up table. The basic idea of 
the method is still a linear process, while the problem remains a 
non-linear problem, where a small change in the initial molecular 
structure will result in a large difference in the final momentum. Sayler 
et al. [12] showed that multiple initial configurations can result in 
identical momenta for a triatomic molecular explosion, even when 
focusing on the limited case of fixed total energy release. In real 
Coulomb explosion experiments, the total released energy from a 
molecule would of course have a characteristic distribution, but these so 
called “degenerate” geometries could pose a fundamental obstacle to 
using the “backwards” approach to Coulomb explosion imaging in 
certain cases. Any successful reconstruction approach should have a 
process in place for identifying and if possible correcting errors that 
result from degeneracy. 

This study focuses on the algorithm that involves the mapping from 
momenta to geometry structures and identifying degeneracy cases. Ge
ometry reconstruction is performed for simulated carbonyl sulfide (OCS) 
in the OCS→O2+ + C2+ + S2+ concerted Coulombic explosion process, 
using two approaches: a look-up table method, and a nonlinear con
strained optimization method. OCS is a common target in CEI. OCS is 
selected due to its asymmetry and linearity, while also exhibiting slight 
bends caused by vibrational motion in its ground state, making it of 
interest to experimentalists. The 6+ state is chosen because all events in 
this state arise from concerted breakup processes. As detailed in study 
[13], the 3+ and 4+ states involve a combination of both concerted and 
stepwise processes. Two simulated initial geometry datasets are 
employed. To make the methods applicable to any unknown geometry, 
the ground state nuclear distribution for OCS is not used; instead, pos
sibilities that might arise from electronic and vibrational excitation are 
considered. Then the final momentum vectors are calculated by the 
Coulomb explosion model as described in Section 2, serving as our 
simulated experimental data. Each momentum vector is then fed into 
our reconstruction process, to find the reconstructed geometry. The 
known original geometries are used for comparing them with the 
reconstructed geometries and evaluating the ability of the two recon
struction methods. The evaluation is based on the number of events 
successfully reconstructed, speed, accuracy, and the ability to deal with 
degeneracy. 

2. Preparation of simulated OCS geometries and momentum 
vectors 

To simulate the Coulomb explosion of OCS6+, similar simplifying 
assumptions are applied as in previous studies [5–8,10]. 1. All six 
electrons are instantly removed, and there is no charge redistribution 
afterward, or interaction between electrons and nuclei. 2. At t = 0, any 
structural deformation has already occurred. 3. ions behave as point-like 
charged particles. The point like ion approach means that the motion of 
the ions is governed only by their mutual Coulomb repulsion. Therefore, 

only pure Coulomb potential is transferred into kinetic energy. 4. The 
impact of an external electric field, from the experimental setup, on the 
structures is not considered. 5. Every ion starts with zero initial mo
mentum. Momentum is calculated until t=T (~1e-13s) when the mo
mentum components reach their asymptotic values and are considered 
constant (exhibit minimal change within 0.0001e-22 kgm/s). 

We aim to address two primary questions: Is a lookup table method 
superior to an optimization method, and how can we identify degen
erate geometry results. We choose to do this within the restriction of the 
idealized dynamics described above, so that we can isolate these 
fundamental questions from influences which would distort our results. 
Furthermore, we have used these exact assumptions in previous work 
with experimental data which has given acceptable reconstructions 
[10], nevertheless, before we proceed with this study, we can briefly 
address the assumptions to identify which might be the most problem
atic and which are most reasonable. The validity of the assumptions we 
are making have varying levels of impact on the accuracy of the results. 
For the assumption 1, that the electrons are removed instantaneously, in 
reality they are removed during a laser pulse which may be sub 10 fs, 
between six and ten electrons could be removed depending on the 
ionization source [4,10], which is short compared to molecular disso
ciation timescale, but is not negligible, additionally, the nonzero effect 
of the laser field on the ion trajectories during this time should be 
considered for tunneling ionization events involving IR laser light. 
Assumption 3 is reasonable for a molecule ionized six times but because 
of the finite time to reach this state, some degree of bonding exists until 
around an overall charge state of 4+ is achieved. Assumption 4 is valid, 
as the impact of the external electric field, of the experiment is negligible 
on the timescale over which ions reach asymptotic momentum, having 
an influence of no more then 1/106. Despite the initial vibrational mo
tion of the molecule, assumption 5, of zero initial momentum is 
reasonable, (1/103 of the asymptotic momentum) in fact this initial 
momentum is small even for molecules undergoing isomerization and 
can reasonably be ignored [3], when determining the initial position of 
an ion. The final momenta measured are related to the initial positions of 
the atoms in the molecule rather than their initial momentum, and it is 
precisely because of this sensitivity to initial position within a molecule 
that Coulomb explosion imaging has merit, it can not determine the 
position in the experiment, where the molecule originates, to better than 
the micron level. In fact, for experimental purposes all ions are consid
ered to have originated at the same physical point in space, to calculate 
their initial momentum with the errors which this introduces in mo
mentum, no more than 1/106. 
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Consider the triatomic system as shown in Fig. 1 where rO, rC, and rS 
represent the position vectors and p’O, p’C and p’S are the momentum 
vectors. Under the above assumptions, at t=0, we have p’O = p’C = p’S 
= 0, and initial geometry (rO, rC, rS). Since the CO and CS bond lengths, 
and bond angle θOCS are the key parameters of interest in our study, the 
initial geometry is described using (rco, rcs, θocs) in the following dis
cussions. In this way, the orientation of the geometry is no longer a 
factor since our focus is on studying the structure of each individual 
molecule. Furthermore, to ensure produce a unique momentum for each 
geometry, carbon is positioned at the origin, the oxygen along the -x- 
axis, then the position of sulfur can be easily calculated in the xy-plane. 
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At t=T, the final momentum (p’O, p’C, p’S) can be obtained from the 
Hamiltonian of the system, as detailed in equation (1-4). Additionally, to 
facilitate comparison with experimental data, the final momentum is 
adjusted to p = (pO, pC, pS) as shown in Fig. 1. The center of mass is at 
the origin (0,0) with pC along the positive x-axis, and structure remains 
in the xy-plane. The equations are solved by ode45 in Matlab with an 
initial time step size 1e-18s. 

Two datasets of initial geometries are generated: the first one has 
geometries with bond lengths rco, rcs and bond angle θocs peaks at 
approximately 150pm,180pm and 160◦ respectively; and the second one 
with peaks at equilibrium structure (116pm,156pm,175◦) [14]. Initially, 
the first dataset is the primary focus, as shown in Fig. 2, which contains 
more molecules that are stretched and bent compared to the equilibrium 
structure. The study [10] demonstrated that a small molecule such as 
CO2 geometry can show significant stretching and bending in longer 
femtosecond pulses (30fs and longer). And it is important to consider 
geometries away from equilibrium, therefore we have chosen peak bond 
lengths exceeding equilibrium values and a peak bond angle smaller 
than the equilibrium value. We allow molecules to compress, stretch, 
and bend within the following ranges: rco = (0, 300pm), rcs = (0, 350pm) 
and θocs= (140◦, 180◦). Then, the corresponding momentum vectors can 
be obtained by applying the Coulomb explosion algorithm. 

The peaks of the distributions for rco, rcs and θocs are at 149.740 pm, 
177.641 pm, and 161.565◦ respectively. The average values are 
150.033pm, 179.484pm, and 159.915◦. In Fig. 3. Geometry plot with 
marginal distributions for original simulated geometries. The red, black 
and blue area represent oxygen, carbon and sulfur respectively., the 
nuclear distribution of each atom is displayed intuitively in 2D. To 
generate this plot, first, position carbon atom at the origin (0,0). Then, 
position the oxygen atom and the sulfur atom in such a way that θocs is 
evenly divided by the y-axis and the oxygen atom is placed in the second 
quadrant, while the sulfur is placed in the first quadrant. Finally, adjust 
the molecule’s coordinates to ensure that the center of mass is at the 
origin. 

3. Geometry reconstruction using a look-up table 

The concept behind a look-up table is relatively straightforward: it 
involves simulating a certain number of Coulomb explosions with a 
range of molecular structures. This creates a mapping from molecular 
structures to momentum vectors. As a result of storing results from 
numerous simulations, a look-up table of asymptotic momentum vectors 

Fig. 1. Structural evolution of OCS. The initial geometry is defined at t=0, with carbon at the origin (0,0) and oxygen along the negative x-axis and sulfur in the first 
quadrant. The final asymptotic momentum is defined at time T with pC along the positive x-axis, pO in the third quadrant and pS in the second quadrant. 

Fig. 2. Distributions of rco, rcs and θocs from simulated OCS geometries.  
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is generated. This table can be correlated with any experimental mea
surement. To identify the structure corresponding to a particular set of 
observed momentum vectors, the table can be read in reverse. This in
volves searching for the momentum vectors that best match the 
observed set and subsequently deducing the corresponding structure. 
The degree of agreement is determined by calculating the squared norm 
between the observed and table vectors. The minimum value search 
algorithm used in this look-up table method is a linear search. This 
search goes through the entire table to find the entry with the minimum 
value of the squared norm. 

The look-up table has two parts: the table of original geometry values 
(rco, rcs, θocs) and final momentum vectors p = (pox,poy,0,pcx,0,0,psx,psy,

0), expressed in the molecular frame. For effective comparison with this 
format, modifications are essential to the experimental momentum data. 
The sum of the momentum vectors of O, C and S from a single event has a 
very small number less than 5*10− 23 kgm/s [15]. First, remove the 
motion of the center of mass, ensuring zero total momentum. Then, 
follow the same steps as mentioned in Section 2 to rotate momentum 
vectors into an xy-plane with the same orientation. This process reduces 
the momentum vector to 5-dimension without losing information of 
interest. To reconstruct the geometry corresponding to a set of molecular 
frame experimental momentum values the following steps are carried 
out.  

(1) Generate a look-up table of 10,000,000 events, with (rco, rcs, θocs) 
uniformly distributed within the ranges (10pm to 500pm, 10pm 
to 500pm, 140◦ to 180◦).  

(2) Adjust the experimental momenta to match the format: 

pexp = (pe ox,pe oy,0,pe cx,0,0,pe sx,pe sy,0), where pexp represents the 
experimental data. 

(3) For each experimental momentum, compare it with every refer
ence momentum, p from the look-up table. Calculate the square 
norm of the difference as ‖ pexp − p‖2.  

(4) Identify the smallest difference (error). If this error is below 
1*10− 46 (kgm/s)2, indicating an error for momentum component 
Pi within ± 1*10− 23 kgm/s, then recognize the corresponding 
geometry from the table as the reconstructed geometry.  

(5) If no matching geometry can be found, the reconstruction for this 
pexp is unsuccessful and the algorithm moves to the next one. 

Here, pexp represents the momentum vectors that generated in Sec
tion 2. For a total of 2000 momentum vectors, 1993 of them get 
reconstructed geometries, while 7 failed. Among the 1993 geometries, 
the peak values for rco, rcs and θocs are 152.286pm, 179.715pm, and 
161.390◦ respectively. The average values are 155.687pm, 194.824pm, 
and 162.113◦. Compared to the simulated geometries, the average bond 
length rcs of 194.824pm is much larger than the expected value of 
179.484pm, similarly, the average bond length rco and θocs also exhibit 
deviations from the anticipated values. As shown in Fig. 4. Geometry 
plot with marginal distributions for reconstructed geometries by the 
look-up table method. The red, black and blue area represent oxygen, 
carbon and sulfur respectively., the shapes of the distributions for O, C 
and S are different compared to the original distributions in Fig. 3, with 
significant wings on the oxygen and sulfur distributions. Among these, 
only 376 geometries are reconstructed within a tolerance of (±1pm, 

±1pm, ±1◦) when compared to the original geometries. This means that 
the remaining 1617 reconstructed geometries either have low accuracy 
or failed to produce the correct answer. The estimated time of recon
struction for each momentum vector set is around 4.98s. 

To understand the performance more quantitatively, the momentum 
difference Md and the geometry difference Gd can be defined as: 

Md = ‖ pexp − psolution ‖
2 =

(
pe O − ps O

)2
+
(
pe C − ps C

)2
+
(
pe S − ps S

)2  

Gd = ‖ Gexp − Gsolution ‖2

= (re CO − rs CO)
2
+ (re CS − rs CS)

2
+
(
re SO − ps SO

)2 

Md calculates the momentum difference in the same way as in the 
reconstruction process, while the Gd represents how far the recon
structed geometry deviates from the expected geometry. Fig. 5 displays 
the relation between Md and Gd of the 1993 events. Even through the 
momentum difference being close to zero, there are many points with a 
large geometry difference. That is, the look-up table, which is based on 
the linear concept, is not a reliable method to accurately determining the 
geometry structures. 

Fig. 3. Geometry plot with marginal distributions for original simulated ge
ometries. The red, black and blue area represent oxygen, carbon and sulfur 
respectively. 

Fig. 4. Geometry plot with marginal distributions for reconstructed geometries 
by the look-up table method. The red, black and blue area represent oxygen, 
carbon and sulfur respectively. 
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4. Geometry reconstruction using a constrained non-linear 
optimization method 

Setting up the optimization problem is an essential step of the 
reconstruction process. The standard form of an optimization problem 
[16] is to minimize (or maximize) objective function f(x), subject to 
constraint functions gi(x) ≤ 0, where i ∈ {1, …, m}, and hj(x) = 0,
where j ∈ {1,…,n}. For our geometry reconstruction, it is regarded as a 

non-linear optimization problem. The goal is to minimize the objective 
function defined as f(x) = |p(x) − pexp|

2.Here, p(x) represents the mo
mentum vectors iteratively calculated during the optimization process. 
The geometry structure x= (rco, rcs, θocs) and momentum p(x) satisfy the 
equality constraint functions hi(x), given by equations (1) - (4) in Sec
tion 2. And pexp (pexperimental) represents the experimental momentum 
vectors. The inequality constrains, gi(x), define the box constraints (a ≤
rco ≤ b, c ≤ rcs ≤ d and e ≤ θocs≤ f). It is important to note that there is no 
restriction on dimensions of x and p. For larger molecules, more vari
ables can be incorporated using similar steps. In our calculations, the 
‘fmincon’ function in Matlab is utilized, employing the ‘interior-point’ 
method. This algorithm is well-suited for constrained nonlinear 
optimization. 

The optimization algorithm begins with an initial starting point x0=

(rco, rcs, θocs) and evaluates the objective function and constraints at this 
point. Once the initial point is valid, the algorithm proceeds with iter
ative updates to improve the solution. During each iteration, the algo
rithm updates the current value of the momentum difference and the 
current point (rco, rcs, θocs) within the constrained region. Additionally, 
it calculates the gradient of the objective function with respective to (rco, 
rcs, θocs), then determines the direction in which to search for the next 
point and computes an appropriate step size. The optimization process 
continues with iterations until convergence is achieved, with a conver
gence criterion set to a very small tolerance level of 1e-15, or until the 
maximum number of iterations (3000) is reached. To ensure the opti
mize the solutions and detect degenerate geometries, the entire process 
is repeated multiple times by a set of starting points within the con
strained 3D space. These starting points can be uniformly distributed or 
follow any desired distribution, offering flexibility in the exploration of 
the solution space. In this case, there are a total of 125(53) starting 
points, which are uniformly selected from within the specified box 
range. To enhance the efficiency of the algorithm, iterations for each 
starting points are processed in a parallel fashion. If all starting points 
result in an identical solution, it indicates a unique solution, and the 
solution is considered fully optimized. However, if there are multiple 
solutions, it indicates there are multiple geometries corresponding to the 
same momentum vector. The algorithm automatically selects the solu
tion with lowest value of f(x) as the default, but it is important to note 
that all possible solutions are accessible for further analysis. 

Computational steps:  

(1) Set up the optimization problem: 

Objective function: f(x) = |p(x) − pexp|
2; 

The Coulomb explosion model functions as described in Section 2; 
Box constrains: 0 ≤ rco ≤ 500pm, 0 ≤ rcs ≤ 500pm and 140◦ ≤ θocs ≤

180◦.  

(2) Adjust the experimental momenta to match the format: 

pexp = (pe ox,pe oy,0,pe cx,0,0,pe sx,pe sy,0), where pexp represents the 
experimental data. 

(3) Initial guess points: uniformly select 125 points within the con
strained space as the starting points.  

(4) The preliminary result: the optimization algorithm begins at each 
starting point independently, each resulting in a solution.  

(5) The final result: the results are classified based on the number of 
different solutions. Usually, results can be classified into one of 
three cases: a unique solution, a doubly degenerate solution, or a 
triply degenerate solution. For real experimental data, further 
analysis might be necessary for double degeneracy and triple 
degeneracy cases. 

Here, pexp represents the momentum vectors that generated in Sec
tion 2. For a total of 2000 momentum vectors, all of them produced 
reconstructed geometries as shown in Fig. 6. The peaks values for rco, rcs 
and θocs are 152.336pm, 178.814pm, and 161.65◦ respectively. The 
average values are 160.011pm, 175.540pm, and θ = 160.473◦. 1572 
geometries are accurately reconstructed within a tolerance of 
(±0.001pm, ±0.001pm, ±0.001◦) when compared to the original ge
ometries. And 650 of them are identified as having a unique solution, 
718 of them have double solutions, 632 of them have triple solutions. 
Therefore, 67.5% of them are related to the degeneracy problem, 32.5% 
are non-degeneracy cases. The estimated time of reconstruction for each 
momentum vector set is around 2.04 seconds. 

5. Degeneracy region 

In this section, we explore the possible existence of a degeneracy 
region, where degeneracy is more likely and requiring further analysis of 
the results. Starting with an example of degeneracy case as shown in 
Table 1. 

For the test, a stretched and bent geometry is selected. The bond 
lengths rco and rcs are stretched to 127.5295 pm and 176.9708 pm, 
respectively. While the bond angle θocs bends to 162.9222◦. The mo
mentum is calculated, resulting in an asymptotic momentum p of 

Fig. 5. Plot of Momentum difference (Md) and geometry difference (Gd) vs. event IDs. The left y-axis shows momentum differences, the right y-axis shows geometry 
differences. The x-axis lists the event IDs in order of increasing momentum difference. 
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(-3.765393e-24, -6.34491e-22, 0, 3.47457e-22, 0, 0, -3.43691e-22, 
6.34491e-22, 0) kgm/s. 

By employing the look-up table method, the reconstructed geometry 
is (217.8787 pm, 108.9899 pm, 164.6464◦). The corresponding error 
value f(x), representing the squared norm of the difference momentum, 
is 10− 48. However, when employing the constrained non-linear opti
mization process, three solutions are discovered as shown in Table 1. For 
a total of 125 starting points test, the most representative 3 calculations 
are selected to show the triple degeneracy. This indicates that for the 
given target momentum set, there exists three geometries, demon
strating a degeneracy of three. Notably, the error obtained from the 
optimization method is significantly smaller compared to the look-up 
table method. Additionally, the iteration plot. Fig. 7 shows that the 
optimization process converges after 60-80 iterations, reaching an error 
of 10− 58. In our previous study that proposed the simplex approach [7], 
only three initial points were used, and an error of 10− 52 was achieved. 

All geometries related to the degeneracy problem are identified 
within the space 100pm ≤ rco and rcs ≤ 500pm and 140◦≤ θ ≤ 180◦. As 
shown in Fig. 8(A), these geometries form a degeneracy region. This 
region is color-coded based on bond angle θocs, where yellow represents 
more linear molecules, dark blue means more bent structures. A de
generacy region, in which geometries inside are considered degenerate 
cases, can be considered as a “danger” region for experimental results, 
such that if a result is found within this region it merits more attention. 
The degeneracy plot reveals that the degenerate cases are not randomly 
distributed in space. As Fig. 8 shows, the geometry of the “danger” re
gion has a complicated structure. However, for simplicity, we could 
extract some general features such as a bond angle close to 160◦ is an 
indicator of degeneracy, and when one bond stretched much more than 
the other. Despite the complexity of the region, it would be possible for 
an AI to determine if an experimental result is inside, giving us an option 
to check the validity of the results. And, by plotting the reconstruction 
results in this multiple degeneracy region, we gain a visual under
standing of how the degeneracy region correlates with the results pre
sented in Section 4. In Fig. 8(B), blue points represent the 32.5% non- 
degeneracy cases, all of which are outside of the degeneracy region 
and the Red points in Fig. 8(C) represent the 67.5% of cases which are 
degenerate and located within the region. 

Fig. 6. Geometry plot with marginal distributions for reconstructed geometries 
by the optimization method. The red, black and blue area represent oxygen, 
carbon and sulfur respectively. 

Table 1 
Comparison of reconstruction results between the look-up table method and the 
constrained non-linear optimization method for a single test.   

Geometry (rco, rcs, θocs) (pm, pm, degree) Error f(x) 
(kgm/s)2 

Original 
geometry 

(127.5295, 176.970, 162.922)  

look-up method (217.8787, 108.9899, 164.6464) 10− 48 

optimization 
method 

Geometry 1 = (127.530049, 176.969922, 
162.91999) 

10− 58.38 

Geometry 2 = (146.478598,151.771955, 
161.696253) 

10− 58.03 

Geometry 3 = (213.088342, 111.018173, 
164.363248) 

10− 57.95  

Fig. 7. Iteration plot (in log scale) for three initial starting geometries.  
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6. Comparison of look-up table method and constrained 
optimization method 

We analyze the reconstruction results from Section 3 and 4. The table 
below presents a comparison of the reconstructed accuracy and speed 
between the look-up table method and the optimization method. 

As Table 2 shows, the optimization method outperforms the look-up 
table method in terms of both accuracy and speed for the tests in Section 
2 and 3. When considering the dataset of 2000 momentum vectors in 
Section 2, only 18.8% of the cases are successfully reconstructed within 
a tolerance of (±1pm, ±1pm, ±1◦) using the look-up table method. The 
indication that a geometry is successful is typically an error less 
than10− 46, but seldom lower than 10− 49. However, with the optimiza
tion method, results are obtained for 100% the cases. Among them, 
32.5% have a unique solution with a precision of (±0.001pm, 
±0.001pm, ±0.001◦), while the remaining 67.5% are degeneracy cases, 
where not only the solution found but other possible solutions are also 
discovered. Furthermore, the time required for each reconstruction 
using the look-up table method is more than twice that of the optimi
zation method. 

The precision of reconstruction is reliant on the resolution of the 
look-up table. To achieve greater precision, increasing the resolution is 
an option; however, that means a significant increase in storage space. 
For example, a look-up table which has a precision of 0.01 Å for bond 
lengths and 0.25◦ for bond angle needs over 3GB of storage space to 
store all the data in the range of rco (10pm, 500pm), rcs (10pm, 500pm), 
θocs (140◦, 180◦). As the resolution increases, the size of the table ex
pands exponentially. This exponential growth in table size also occurs as 
the target molecule gets larger, meaning more atoms are involved. 
Furthermore, a very large table size, in turn, would likely result in a less 
efficient reconstruction. It is important to note that the result found 
through the look-up table is limited to the values present in the table 
itself. We can only reconstruct geometries that exist in the table, and, 
since the data in the table is definitely discrete, it can not provide an 
exact solution to the reconstruction problem. The reconstruction speed 
is influenced by multiple factors, including the size of molecule, the size 
of look-up table and algorithms. For the test in this paper, the speed for 
the look-up table is 4.98s per reconstruction, while for the optimization 
method, it is 2s per reconstruction. The look-up table method requires 

calculations for all geometries within a very large space and then works 
on the target momentum data set, whereas the optimization method 
operates only on the target momentum data set. Additionally, the table 
size exhibits exponential growth when increasing resolution, make it 
obviously time-consuming. So, the optimization method is faster than 
the look up table method. Overall, the constrained non-linear optimi
zation method surpasses the look-up table method in aspects of accu
racy, speed, precision, flexibility, and its ability to address the 
degeneracy cases and handle larger molecules. 

7. Reconstruction for a second simulated dataset 

Another dataset is generated with bond lengths rco, rcs and bond 
angle θocs peaks at 115.710pm, 156.789pm, and θocs=175.062◦, close to 
the equilibrium structure. This dataset aims to capture the more typical 
behavior of molecules and avoids extreme cases of stretching, 
compression, or bend. This dataset is reconstructed using both the look- 
up table method and the optimization method. For a total of 200 mo
mentum vectors, with the look-up table method, 57.6% of them get 
reconstructed geometries. However, only 21.5% of the cases are within 
the tolerance of (±1pm, ±1pm, ±1◦). In contrast, when applying the 
constrained nonlinear optimization method, 100% of the geometries are 
reconstructed successfully, and all of them are within the stricter 
tolerance of (±0.001pm, ±0.001pm, ±0.001◦). 

Fig. 9 illustrates the rco, rcs and θocs distributions obtained from both 
methods as well as the original geometries. And Table 3 shows the 
average values and peak values of them. The distributions obtained from 
the optimization method closely match the original geometry distribu
tions, indicating high accuracy. However, the results from the look-up 
table method are different from the original geometries. The optimiza
tion method demonstrates its better accuracy in reconstructing 
geometries. 

8. Conclusion 

In our investigation, the comparison between the look-up table 
method and the constrained nonlinear optimization method have been 
conducted using simulated data from the asymmetric molecule OCS 
concerted explosion process. The look up table method is simple to 
implement, relies on a predefined table and exhibits some ability to 
perform reconstruction for non-degeneracy cases. However, it would 
encounter challenges when applied to larger molecules, as the required 
storage space increases exponentially with the number of atoms in a 
molecule, making it a less efficient method. The optimization method 
performs better. By providing a large set of starting points as the initial 
guess solutions and carrying out the iteration processes in parallel to 
identify the multiple convergent results, solutions can be found quickly. 
One other notable benefit of the optimization method is that it can 

Fig. 8. Multiple degeneracy region. Yellow represents more linear molecules, dark blue means more bent structures. (A) the multiple degeneracy region. (B) blue 
points are non-degeneracy cases from Section 4. (C) red points are degeneracy cases in Section 4. 

Table 2 
Comparison of reconstruction accuracy and speed between two methods.   

Accuracy (pm, pm, 
degree) 

Time per 
test 

Identify 
degeneracy 

Look-up table (±1, ±1, ±1) 4.98s No 
optimization 

method 
(±0.001, ±0.001, 
±0.001) 

2.04s Yes  
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indicate if the given momentum vector set is related to more than one 
geometric structure. In addition, all possible molecular structures found 
by this method are accessible for further analysis to determine the most 
appropriate solution. For the triatomic molecule OCS, a degeneracy 
region in 3D space is defined, where degeneracies are most probable. 
This allows for instant feedback and visualization of whether a derived 
geometry distribution is trustworthy throughout or if certain results 
should potentially be rejected. Alternatively, this could be used as a 
starting point of the automated (e.g., AI driven) filtering process which 
could impose conditions on geometry variation between nondegenerate 
values, such as smoothly varying parameters, in order to choose the 
most likely molecular structure. These advantages make the constrained 
optimization geometry reconstruction method a valuable approach for 
studying and understanding molecular systems using Coulomb 
explosion. 

This study has demonstrated the abilities of two geometry recon
struction methods that map between momentum and geometry space 
based on the simple Coulomb explosion model. The model assumes that 
once electrons are removed and bonds break, ions move due to Coulomb 
repulsion. Ignoring affection from electrons, bonds, and external electric 
field. And the kinetic energy released does not only come from the 
Coulombic potential. Therefore, the reconstruction methods mainly 
limited to the concerted process and when the released kinetic energy is 
close to the expected Colomb potential energy. In future, the simulation 
model can be improved to reconstruct more accurate geometries. 

Another future work will incorporate the optimization approach 
together with different models of ionization. Work to apply the opti
mization method to real experimental data for asymmetrical molecule 
OCS, and N2O is under way. 
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J. Sanderson, M.S. Schuurman, F. Légaré, Tabletop imaging of structural evolutions 
in chemical reactions demonstrated for the acetylene cation, Nature 
Communications 5 (1) (2014), https://doi.org/10.1038/ncomms5422. 
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